
1.​ If , , and  are positive numbers, and  is  percent of , what percent of  is  𝑘 𝑚 𝑛 𝑘 𝑚 𝑛 𝑚 𝑛𝑘?

Answer:  𝑛2

Solution: This problem is all about translating English into math. To begin, we know  is  percent of . 𝑘 𝑚 𝑛
Knowing that  of anything is just  times that value, if  is  percent of , then . From 𝑥% 𝑥

100 𝑘 𝑚 𝑛 𝑘 = 𝑚
100 * 𝑛

here, knowing that some percent of  is , we construct the second equation: , where  𝑚 𝑛𝑘 𝑘𝑛 = 𝑥
100 * 𝑚 𝑥

the unknown. Now we have a system of two equations. Substituting  in the second equation with the first 𝑘
equation, we get: 

●​  | Original equation ( 𝑚
100 * 𝑛)𝑛 = 𝑥

100 * 𝑚

●​  | Combining terms 𝑚𝑛2

100 = 𝑥𝑚
100

●​  | Multiplying both sides by  to solve for  𝑛2 = 𝑥 100
𝑚 𝑥

Thus,  is  of . To see this, below are some example values: 𝑚 𝑛2% 𝑛𝑘
 

 𝑘  𝑚  𝑛  𝑛𝑘  (  is  of 𝑛2 𝑛𝑘 𝑛2% 𝑚
) 

 20  100  20  400  400

 10  10  100  1000  10000

 5  33 1
3

 15  75  225

 50  10  500  25000  250000

 8  25  32  256  1024

 
During the competition, it may be worth it to check if your answer is correct using values for  and . 𝑘,  𝑚, 𝑛

However, more than one check is not really necessary. Nonetheless, we can see our answer is correct:  𝑛2

2.​ Find the maximum number of points of intersection among three circles and two lines in 
the same plane. 

Answer:  19
Solution: We have three circles and two lines, and want to find the maximum number of intersections 
possible. Starting with the three circles, through some simple testing we find that the maximum amount of 
times two (non-overlapping) circles can intersect is . Adding a third third circle, the maximum number of 2
intersection points added is , for a total of  intersections: 4 6

 
Now we add the two lines. The maximum number of intersections between a line and circle is two (try it 
out!) so the theoretical maximum number of additional intersections when a line is added is  2



intersections per line times  circles equals at most  additional intersections when we add one line. With 3 6
some trial and error, we see that this is possible. So, with the additional line, we are up to  12
intersections. For the final line, we know that the maximum number of intersections with the circles is still 
 (because there are still six circles), but because of the first line, there may be one additional intersection 6

(where the two lines intersect). With some moving around of the circles and lines, we are indeed able to 
able to add the six intersections with the circles and the intersection with the first line for an additional  7
intersections, leaving us with  intersections total. Below is a visual representation: 19

 
3.​ There are  weights on the table, stacked in a row and ordered by their mass (the lightest 13

is on the left, and the heaviest is on the right). It is known that the mass of each weight in 
grams represents an integer, the masses of two neighboring weights differ by no more 
than g, and the sum mass of all weights does not exceed g. Find the maximum 5 2025
possible mass of the heaviest weight. 

Answer:  185
Solution: So we have  weights that differ by no more than g in weight and the sum of their weights is 13 5

g. We want the maximum weight of the heaviest one, while ensuring the weights all have integer < 2025
weights. Realize that to have the heaviest possible weight, we want the weights to differ in weight as 
much as possible. Think about it; if you have 10 weights that add up to less than 50g, four 12g weights 
have a lower maximum weight of 12g than, for example, four weights weighing 5g, 10g, 15g, and 20g 
respectively, which have a maximum weight of 20g. With that in mind, we want each weight to differ in 
weight by the maximum amount of 5g. Thus, we can create the following equation, where  is the weight 𝑥
of the first (left most) weight: 

 𝑥 +  (𝑥 + 5) +  (𝑥 + 10) +  (𝑥 + 15) +  ...  +  (𝑥 + 60) < 2025
Now just solve for  (because we want the weight of the heaviest, not the lightest): 𝑥 + 60

●​  | grouped  terms 13𝑥 + 5 + 10 + 15 +  ...  +  60 < 2025 𝑥
○​  | sum of an arithmetic sequence formula 5 + 10 + 15 +  ...  + 60 = 12 5+60

2 = 390

●​  | substituting 13𝑥 + 390 < 2025
●​  | simplifying 13𝑥 < 1635
●​  | long division 𝑥 < 125 + 10

13

●​  | we want the greatest integer  less than  𝑥 = 125 𝑥 125 + 10
13

●​  | adding  to both sides to get the weight of the heaviest weight 𝑥 + 60 = 185 60
Therefore, our answer is . Both  and g are acceptable answers. 185 185 185

4.​ Four vertices of a square grid where each square is by , have been chosen to form a 1 1
parallelogram. It turns out that neither the parallelogram’s sides nor its interior contain any 
other vertices of the grid, and it is known that the parallelogram is not a rectangle. Find the 
area of the parallelogram. 

Answer:  1



Solution: Sketch a coordinate grid. We know it’s a parallelogram that doesn’t have any vertices of the 
grid on its sides or inside of it (other than the four vertices of the parallelogram). With that information, we 
can create a sample parallelogram: 

 
It is both not a rectangle and doesn’t contain any vertices, satisfying the rules set forth by the question. 
Area of a parallelogram is . Thus, our answer is . 𝑏ℎ = 1 * 1 = 1 1
 
Another possible solution uses Pick’s Theorem. It gives us the formula 

 𝐴 = 𝐼 + 1
2 𝐵 − 1

Where  is the area,  is number of lattice points (integer ,  coordinates) in the interior of the polygon 𝐴 𝐼 𝑥 𝑦
and  is the number of lattice points on the sides of the polygon. Keep in mind that Pick’s theorem is only 𝐵
applicable to polygons whose vertices are lattice points. For polygons with non-lattice point vertices, look 
to the Shoelace Theorem. Also note that there was no need to know Pick’s Theorem, but knowing it 
would allow you to solve the question quicker and in turn grant you more time for other problems. For 
more information on Pick’s Theorem, look here. 

5.​ Emma took the word  and replaced each of its eight letters with a number 𝐺𝐸𝑂𝑀𝐸𝑇𝑅𝑌
corresponding to the code , , … , . Then she multiplied six of these 𝐴 = 1 𝐵 = 2 𝑍 = 26
numbers to get a cube of an integer. Find this integer. 

Answer:  150
Solution: So each letter in geometry maps to a number and six of the eight numbers multiply to the cube 
of an integer. To start, let’s replace each letter in  with its corresponding number: 𝐺𝐸𝑂𝑀𝐸𝑇𝑅𝑌

 7 5 15 13 5 20 18 25
Now let’s prime factorize each number so we can more easily see which numbers Emma used: 

 71,  51,  31 * 51, 131, 51, 22 * 5, 32 * 21, 52

Since we are looking for the cube of a number, we need a multiple of three of each of its prime factors (if 
you are unsure why, please ask us or look online!). Because there is only one  and only one , those 7 13
cannot be used. Thus, we are left with: 

 51, 31 * 51, 51, 22 * 5, 32 * 21, 52

Multiplying all together (while keeping them prime factorized to make it easy) we get: 

 56 * 33 * 23

This is the cube of the integer. To find the integer, we cube root: 

 
3

56 * 33 * 23 = 52 * 31 * 21 = 25 * 6 = 150
Thus, our answer is . 150

6.​ Calculate the sum 
. 12 + 22 − 32 − 42 + 52 + 62 − 72 − 82 + 92 + 102 − ∙ ∙ ∙ − 20232 − 20242 + 20252

https://artofproblemsolving.com/wiki/index.php/Shoelace_Theorem
https://artofproblemsolving.com/wiki/index.php/Pick%27s_Theorem


Answer:  2025
Solution: This is pattern recognition. Evaluating the first few terms we get: 

 1 + 4 − 9 − 16 + 25 + 36 − 49 − 64 + 81 + 100
Now try looking for a pattern. Try grouping together terms. After some playing around with numbers, you 
should realize that both the -  and -  terms add up to : 2 5 6 9 4

 + 4 − 9 − 16 + 25 =− 5 + 9 = 4
 + 36 − 49 − 64 + 81 =− 13 + 17 = 4

To see if the pattern continues, we do it with the next four terms ( ): + 102 − 112 − 122 + 132

 + 100 − 121 − 144 + 169 =− 11 + 15 = 4
Thus, we can be fairly confident this pattern continues. From the second term (where the pattern starts) to 
the two thousand and twenty fifth term (where the pattern stops because the series stops) there are 

 terms. Since every four terms adds to four, there are  of the four term 2025 − 2 + 1 = 2024 2024
4 = 506

subseries, and since each of the four term sequences adds to , the sum of all of the  four term 4 506
subseries will be . Adding the first term, , we get . Our answer is . 506 * 4 = 2024 1 1 + 2024 = 2025 2025

7.​ Find real  such that one solution of  is greater than  and the 𝑎 𝑥2 − (3𝑎 + 2)𝑥 + 2𝑎 − 1 = 0 1
other solution is less than  1?

Answer:  𝑎 >− 2
Solution: Realize that if one solution of the quadratic is less than , while the other is greater than , then 1 1
the value at  must be  (because the parabola is opening up). Therefore, we set the value of the 𝑥 = 1 < 0
quadratic at  to be less than  and then solve for : 𝑥 = 1 0 𝑎

●​  | original equation 𝑥2 − (3𝑎 + 2)𝑥 + 2𝑎 − 1 < 0

●​  | substituting in  12 − (3𝑎 + 2)(1) + 2𝑎 − 1 < 0 𝑥 = 1
●​  | expanding 1 − 3𝑎 − 2 + 2𝑎 − 1 < 0
●​  | simplifying − 2 − 𝑎 < 0
●​  | isolating  − 𝑎 < 2 𝑎
●​  | dividing both sides by  (remember to flip sign) 𝑎 >− 2 − 1

Thus, our answer is . That means that, for any value of  that is greater than , one solution will 𝑎 >− 2 𝑎 − 2
be to the left of , while the other will be to the right. Below are graphs using certain values for : 𝑥 = 1 𝑎

 
8.​ Solve . Find the sum of all integer solutions. 𝑥 − 4 + 𝑥 + 1 + 2𝑥 − 33 − 𝑥 > 4

Answer:  525



Solution: Please do not attempt to solve this algebraically. In this case, it is much easier to use an almost 
“brute force” method. We start by plugging in values to see what we get. Starting with  (because 4
otherwise  would be imaginary) we unfortunately cannot evaluate . Noticing this problem, 𝑥 − 4 𝑥 + 1
we move on to the next number , which has the same problem. However, once we reach , this problem 5 8
no longer persists. We can evaluate the function at : 𝑥 = 8

 8 − 4 + 8 + 1 + 2(8) − 33 − 8 = 4 + 9 + 16 − 25 = 2 + 3 + 4 − 5 = 4
The function reaches a value of  at . We also know that the function just reached four from below 4 𝑥 = 8
four (because there are three square roots that increase as  increases and they would overpower the 𝑥
one that decreases) we can deduce that no values equal to or less than  satisfy the equation, but that 8
values above  do. Noticing that that as  increases, the first three square roots increase and the fourth 8 𝑥
one decreases, we can conclude that as  increases, the sum of the square roots increases. Thus, the 𝑥
value stays greater than . However, notice that the greatest  value possible is  because otherwise 4 𝑥 33

 would be imaginary. Therefore, our solutions are: 33 − 𝑥
 9, 10, 11, 12,  ..., 33

Their sum (using the sum of an arithmetic sequence formula) is thus: 
 9 + 10 + 11 + 12 +  ...  + 33 = 25 9+33

2 = 25(21) = 525

Our answer is . 525
9.​ A coloring of the number in the set  in blue and red is called a “good” one if the {2;  3;  4,  ...  ,  𝑛}

product of every two (maybe equal) red numbers is blue, and the product of every two (maybe 
equal) blue numbers is red. Find the largest  for which “good” coloring exists. 𝑛

Answer:  31
Solution: I don’t understand the problem or solution ATM. will update when I understand it. 

10.​ In a right triangle , angle  is a right angle. Point  is located on line  (  is not the 𝐴𝐵𝐶 𝐵 𝑀 𝐴𝐵 𝑀
midpoint of line ), and it is known that . Point  is located on line , and it is known 𝐴𝐵 𝐴𝑀 = 𝐵𝐶 𝑁 𝐵𝐶
that . Find the measurement of an acute angle between line  and line . 𝐶𝑁 = 𝑀𝐵 𝐴𝑁 𝐶𝑀

Answer:  
Solution: To begin with, make a sketch of the triangle  with a right angle : 𝐴𝐵𝐶 𝐵

 
Now, put point  somewhere on segment  (preferably not in the middle because we know it’s not the 𝑀 𝐴𝐵
midpoint of segment ) and mark segment  and segment  congruent: 𝐴𝐵 𝐴𝑀 𝐵𝐶



 
Now put a point  on segment  such that segment  and segment  are congruent (and mark 𝑁 𝐵𝐶 𝐶𝑁 𝑀𝐵
congruence): 

 
To construct the acute angle between segment  and segment , we create the segments  and  𝐴𝑁 𝐶𝑀 𝐴𝑁 𝐶𝑀
and then mark the angle between them (also keep in mind that I arbitrarily named their intersection point 

 to make referencing the angle easier in the future): 𝑂

 
Keep in mind that I marked both angle  and angle  because they are both the acute angle the 𝑀𝑂𝐴 𝑁𝑂𝐶
question wants (they are the same because they are vertical angles). 
 
Competition Answer Key: 



 



 


